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Abstract Let G be a (molecule) graph. A perfect matching, or Kekulé structure of
G is a set of independent edges covering every vertex exactly once. Enumeration of
Kekulé structures of a (molecule) graph is interest in chemistry, physics and mathe-
matics. In this paper, we focus on some polyominos on the torus and obtain the explicit
expressions on the number of the Kekulé structures of them.
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1 Introduction

A general problem of interest in chemistry, physics and mathematics is the enumer-
ation of perfect matchings, on lattices and (molecule) graphs. A perfect matching
of a graph is a set of independent edges covering every vertex exactly once, which
is called Kekulé structure in organic chemistry and closed-packed dimer in statisti-
cal physics. The number of perfect matchings of a graph G is denoted by ®(G). In
organic chemistry, there are strong connections between the number of the Kekulé
structures and chemical properties for many molecules such as benzenoid hydrocar-
bons. For instance, those edges which are present in comparatively few of the Kekulé
structures of a (molecule) graph turn out to correspond to the bonds that are least
stable, and the more Kekulé structures a (molecule) graph possesses the more stable
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is the corresponding benzenoid molecule [24]. Additionally, the number of Kekulé
structures is an important topological index which had been applied for estimation
of the resonant energy and total 7 -electron energy [3,8], calculation of pauling bond
order [22] and Clar aromatic sextet [4].

A polyomino [1], also called quadrilateral lattice or chessboards [2] or square-cell
configurations or lattice animals [9, 10,29], is a finite 2-connected geometric graph in
which every interior face is bounded by a regular square of side length 1 (i.e. called
a cell). Historically, polyominos have attracted many mathematicians’ and chemists’
considerable attentions, for many interesting combinatorial subjects are yielded from
them, such as domination problem [2,6] and rook polyominal [19], etc.. Berge etal. [1]
studied the generalized covering problem for polyominos by introducing hypergraphs.
Zhang [32] gave the necessary and sufficient conditions to have a Kekulé structure.
Wei and Ke [28] and Liu and Chen [13] gave two different bounds on the number of
elementary components of essentially disconnected polyominos.

The problems involving enumeration of Kekulé structures of a graph were firstly
examined by chemists and physicists in the 1930s [3,16], for two different and unre-
lated purposes: the study of aromatic hydrocarbons in molecular chemistry and the
attempt to create a theory of the liquid state in statistical physics. The first exact solu-
tions to the problem of enumeration of Kekulé structures were due to Temperley and
Fisher [27], Kasteleyn [12] and Fisher [5] in 1961. They gave formulas of Kekulé
structures for a finite polyomino of size m x n with free boundary condition by dif-
ferent methods, where m and n are arbitrary positive integers. John et al. [11] and
Sachs [23] also considered enumeration of Kekulé structures of them, respectively.
It is well known that the boundary conditions play a crucial role in the enumeration
of Kekulé structures of polyomino of size m x n. Later, McCoy and Wu [20] and
Lu and Wu [17,18] extended the enumeration of Kekulé structures for a polyomi-
no of size m x n to cylindrical boundary condition, the Mdbius strip and the Klein
bottle, respectively. Following this, Lu et al. [15] presented the explicit expressions
for the number of Kekulé structures of other four kinds of polyominos on a Klein
bottle.

Since there are more than one embedded modes of polyominos on a Klein bottle
or on a torus, Thomassen [25] characterized six embedding modes on a Klein bottle.
Lu et al. [15] proved that those embedding modes are equivalent to two embedding
modes denoted by Q.. and Q. The number of Kekulé structures of Q,, . has
been exactly solved by Lu and Wu [17,18]. Lu et al. [15] exactly solved the number of
Kekulé structures of O, » ». Meanwhile, Thomassen also characterized that there are
exact two embedded modes on a torus denoted by Q,, . and Qy s in [25]. A quadrilat-
eral cylinder of length m and breadth » is the Cartesian products of an m-cycle (with m

vertices) and an n-path (with n vertices). Let x1, x2, ..., X, and y1, y2, ..., Yy denote
the vertices of the two cycles on the boundary of the quadrilateral cylinder, respec-
tively, where x; corresponds to y;,i = 1,2, ..., m (refer to Fig. 1a). The graphs

Omnr.0 <r < |m/2] and n > 0, are obtained from a quadrilateral cylinder of
length m and breadth n by adding all edges x; y;+,, wherei = 1,2,...,mandi +r
is modulo m. Clearly, the cylinder shown in Fig. la is a plane spanning subgraph of
Om.n.r» Where a spanning subgraph means a subgraph with all vertices. The graphs
Ok1,2 <1 < k/2, are obtained from a k-cycle xjx> ...xxx; by adding all edges
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(g-D+r+2

(a)

Fig. 1 Plane spanning subgraphs of Oy ., and Qy

Table 1 Polyominos on a torus in different embedded forms with 22 vertices and their corresponding
numbers of Kekulé structures

Q 011,20 011,2,1 011,22 01123 011,24 Q11,25 0238

o] 16,328 398 2,048 2,048 1,058 838 794

XiXit1, where i = 1,2,...,k and i 4+ / is modulo k. A plane spanning subgraph of
Q.1 is shown in Fig. 1b. Clearly, both Q,, ». and Q ; have a natural embedding on
a torus.

Table 1 shows a polyomino with 22 vertices embedded on a torus by different
modes and their corresponding numbers of Kekulé structures. From Table 1, we see
that, for the polyominos on a torus with the same number of vertices, they may have
the different number of Kekulé structures if embedded in different modes.

Kasteleyn [12] had discussed the number of Kekulé structures of Q,, ,.0 and
deduced an explicit expression. Lu, Zhang and Lin [14] generalized the results of
Kasteleyn. In this paper, we consider the problem of enumerating Kekulé structures
of Qk.;. We prove that Qy ; is Pfaffian if / is even. Then we give some Pfaffian orien-
tations on Qy ; and the explicit formulas of Kekulé structures of Qy ; are obtained by
enumerating Pfaffians.

2 Pfaffian orientation

Given anundirected graph G = (V(G), E(G)) withvertexset V(G) = {1, 2, ..., 2p},
we allow each edge {7, j} to have a weight w;;. To unweighted graphs, we define the
weight to be 1 for all edges. Let 6) be an arbitrary orientation of G. Denote the arc
of 8 by (i, j) if the direction of it is from the vertex i to the vertex j. The skew
adjacency matrix of 8 denoted by A(E)), is defined as
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%
A(G) = (aij)2px2p;

where
w;j, if (@, j) isanarcof G;
—
4ij = 1 —w;j, if (j,i) isanarcof G;
0, otherwise.
Let M = {{i, i/l}, o ips i;,}} be a perfect matching, or Kekulé structure. The
signed weight of M is defined as
_ 1 2 - 2p—1 2p
WM = seh i1 ill ip i;’ .aili;.”aipi’p’
where
<o 1 2 - 2p—1 2p\ | 1, if the permutation is even;
& i ii e ip i;, “ | =1, if the permutation is odd.

The Pfaffian of the matrix A is defined as
PfA = D" ww.
M

Muir [21] gave a relation between the determinant of A and the Pfaffian of A as
follows.

Theorem 2.1 ([21]) Let A = (a;j)2px2p be a skew symmetric matrix of the order of
2p. Then the determinant of A, det(A) = (PfA)2.

We call wy the signed weight of the perfect matching M and define the sign of the
perfect matching M to be the sign of wy. If the signs of all perfect matchings of G
are the same, we say that the orientation 8 is a Pfaffian orientation of G. A graph is
Pfaffian if it has a Pfaffian orientation. The significance of Pfaffian orientations stems
from the fact that if a graph G has one, then the number of the perfect matchings of G
(as well as other related problems) can be computed in polynomial time and we have

Theorem 2.2 ([16]) If a graph G is Pfaffian and E) is a Pfaffian orientation of G,
then the number of perfect matchings of G,

®(G) = [PfA(G)| = y/det(A(G)).

Pfaffian orientations for planar graphs [12]: every planar graph G is Pfaffian and an
orientation of a plane graph G such that its each face is clockwise odd, i. e. an odd
number of edges pointing along its boundary when traversed clockwise, is a Pfaffian
orientation.
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Kasteleyn [12] also stated that perfect matchings in a graph embedded on a surface
of genus g could be enumerated as a linear combination of 48 Pfaffians of modified
adjacency matrices of the graph, which was proved by Galllucio and Loebl [7], and
Tesler [26], independently.

The number of perfect matchings of a given Pfaffian graph is easily obtained in a
mathematical sense by Theorem 2.2 and Kasteleyn’s methods, but it is not efficient for
computation since not all of the determinants of adjacency matrices of a Pfaffian graph
G has an explicit expression. It is therefore reasonable to find a Pfaffian orientation in
a plane model of Qy ; such that we can obtain the explicit expressions of the number
of perfect matchings of G. The Pfaffian method was frequently used to enumerate
perfect matchings of the graphs. Some related results can be found in [14,30,31] and
in the references cited therein.

3 Plane model and crossing orientations on Oy ;

Suppose that P is a 4-polygon with four sides p1, p2, p|, p5 and G is a graph embed-
ded on a torus. A plane model of the graph G is a drawing such that if the edges of
G can be separated into three parts Eg, E; and E> and the subgraph induced by the
edges of Ey is a spanning plane graph, which wholly contained inside the polygon P,
and the edges in E; (j = 1, 2) going through the sides p; and p’/. of P do not cross.

Suppose that 1, 2, ..., k are k vertices of Ok jand k = gl +r, 0 < r < [. For each
vertex i of Qy 1, there are exactly four verticesi — 1,i 4+ 1,i — [ and i 4 [ which are
adjacent to it, where i — 1,i + 1,i — [/ and i + [ are modulo k. Let E(Qy ;) be the
edge set of Q. Referring to Fig. 2a, we separate the edges of Qy ; into three parts
Ey, E1 and E; such that E» is the set of those edges, one end in {1, 2, ..., /} and the
otherendin {(g — 1)l +r+1,(q — 1)l +r +2,...,k}; Ej is the set of those edges

(r

- \ )

1
( n\ j
(g—Dl+r+1
) -+
I |

(G-V+20—0

1+1 Zl+l__(q— +1 q[+l
‘ [ ] ]
1

(a)

Fig.2 Qy ; on atorus and its plane model
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crossing the curve, drawn in heavy broken lines, crossing some edges but no vertices
and Eg = E(Qk,)\(E1 U Ep). That is

Eo={{¢t—DI+h,tl+h}|t=1,2,...,9g—2;h=2,3,...,r +1}
U{t—DI+h,tl+h} | t=1,2,...,q;h=1,r +2,r+3,...,1}
Ul = DI+ h,gl+h) |h=2,3,....r)
U{t—DI+htl+h+1} |t =1,2,...,g—1;h=2,3,...,1}
U{g—DI+h,(gq—DI+h+1}|h=1,...,r,r+2,r+3, ..., r+1—1};
Ev={(t—-DI+1,¢t—DI+2)|t=1,2,....,q -1}
U@ =2+ h (g —DI+h [ h=2,3,....r+1}
U{g—DI+r+1,(q—DI+r+2}}
Ex={h,(gq—Dl+r+h}|h=12,..., 1} U{{l,ql +r}}.

Now, we give a plane model of a polyomino Qy ; on a torus such that the subgraph
induced by the edges of Ey is a spanning plane graph, which wholly contained inside
the polygon P, and the edges in E;; (j = 1,2) going through sides p; and p/; of P
do not cross. The plane model of QO ; is shown in Fig. 2b. Clearly, each edge in E}
crosses each edge in E once.

The crossing orientation in a plane model [26]: an orientation of a graph on a torus
in a plane model is the crossing orientation if the edges in E( are oriented such that
all faces in the 4-polygon are oriented clockwise odd, and each edge e in E; U E,
ignoring all other edges in E| U E», is orientated such that the face formed by e and
certain edges in Ey, is clockwise odd.

Tesler [26] characterized a relation of signs among perfect matchings on a crossing
orientation.

Theorem 3.1 ([26]) (a) A graph may be oriented so that every perfect matching
M has sign

om = wo(—1)* O,
where wg = %1 is constant that may be interpreted as the sign of a perfect matching
with no crossing edges when such exists, and k (M) is the number of times edges in
M cross.

(b) An orientation of a graph satisfies (a) if, and only if, it is a crossing orientation.

A crossing orientation of Qy ; for k = 2 (mod 4) and [ is even is indicated in Fig. 3.
Figure 3a gives the orientations of the edges EoU E and Fig. 3b gives the orientations
of the edges Eg U E».

Let 6 k.1 be the crossing orientation of Qy; in the plane model above. In order

to prove that G is a Pfaffian orientation, we distinguish the Kekulé structures of
Q. into four classes. The Kekulé structures belonging to class 1 are those that have
odd number of edges of E and odd number of edges of E,. The Kekulé structures in
class 2 have odd number of edges of E; and even number of edges of E;. The Kekulé
structures in class 3 have even number of edges of £ and odd number of edges of
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Fig. 3 A crossing orientation of Qy ;, where [ is even and k = 2 (mod 4)

E» and the ones have even number of edges of E| and even number of edges of E» in
class 4.

—
Theorem 3.2 If! is even, then G is a Pfaffian orientation.

Proof 1tis enough to prove that all Kekulé structures in the crossing orientation above
have the same sign.

Denoted by M the set of all Kekulé structures of class 1 in Qy ;. By Theorem 3.1,
the sign of any Kekulé structure in M is different from all the other Kekulé structures

of Qy related to _Q)k,l for k(M) M € M) is odd. Following we show that M is
—
empty. If it is true, then all the Kekulé structures have the same sign under Q¢ /, so

_Q>k, ; is a Pfaffian orientation.

Note that the plane spanning subgraph consisting of all the edges of Eq, denoted
by H(X,Y), is a bipartite graph. Since / is even, the two end vertices of any edge
of E are in the same color class of H(X, Y). According to the parity of ¢, we have
the following discussions. If g is even, then |X| = |Y|. After removing the vertices
incident to the edges of £ in M (M € M), the left edges of Eg and E» constitute of a
bipartite graph H, in M. If ¢ is odd, then || X| — |Y || = 2. After removing the vertices
incident to the edges of £ and E; in M (M € M), the left edges of E( constitute of
a bipartite graph H» in M. Then the number of vertices in the two color classes of the
bipartite graphs H; or H, in M is different, contradicting the fact that M is a Kekulé
structure.

Thus M is empty, and the proof is completed. O
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4 Enumeration of Kekulé structures of Qj ;

It is well known that for a block circulant matrix

Voo Vierr Vi
Viner Vo o0 Vo
V = . . .
Vi Va oo W
or a skew block circulant matrix
Vo Vi Vi
_mel VO e Vm72
V = . . . b
Vi =Vh -V
its determinant
m—1
det(V) = [ det(/y). 1)
=0

where J; = Vo + o, V) +a)t2V2 4+ +a)f"_1Vm_1 and

cos 2T 4 jgin 2x if V is a block circulant matrix;
W = Gtvvr | 2 @ ey - .
Cos == == + i 8in ==, if V is a skew block circulant matrix.

4.1 liseven and k = 2 (mod 4)

Foravertexiin Qk,i = 1,2,..., k, thereare fouredges {i,i — 1}, {i, i +1}, {i, i =1}
and {i, i 4+ [} incident to the vertex i, where i — 1,i + 1,i — [ and i + [ are modulo
k. For convenience, write i — j for the orientation of the edge {i, j} from i to j, and
Jj — i for the orientation from j to i. We orient the edges {i, i — 1}, {i, i + 1}, {i, i — [}
and {i, i + [} as follows:

(a) ifiisodd,thentheorientations of theedges {i, i —1}, {i,i+1}, {i,i—I[}and {i, i+
lYarei - (i—1),i > (@G+1), G—I1)—iandi — (i +1), respectively (see
Fig. 4a);

(b) if i is even, then the orientations of the edges {i,i — 1}, {i,i + 1}, {i,i —
l}and {i,i +l}are i — 1) - i, (i4+1) —i,i > G—Dand i +1) — i,
respectively (see Fig. 4b).

It is not difficult to check that the orientation is a crossing orientation shown in Fig. 4.
Suppose the skew adjacency matrix of the crossing orientation Q x ; of Qx ; is denoted
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i+1 (mod k) i+ (mod k)
i+1+1 (mod k) i+1—1 (mod k) i+1+1 (mod k) O O

i+1 (mod k) i—1 (mod k) i+1 (mod k) o-o O

.
i—I+1 (mod k) i—1-1(mod k) i—I1+1(mod k) O O O
i—1 (mod k) i—I (mod k)

(a) (b)

Fig. 4 The orientations of the edges incident to the vertex i, where / is even and k = 2 (mod 4)

i+1-1 (mod k)

i—1(mod k)

i—1—1(mod k)

— —
by A(Q k). Then A(Q ) is a2 x 2 block circulant matrix. For example, the skew
adjacency matrix of the crossing orientation _Q) 10,4 of Q10.4,

0 1/0 0|1 0o|-10]0 —1
—10|-10]0 =10 1|0 0
0 10 1]0 0|1 0[|-10
0 0|-1 0|-1 0[]0 —1/0 1
100 —1]0 1]0 0|1 0

— 0 110 0o|-10|-10]0 —1

ACwa) =1T—T=T0ol0 =10 1[0 0 |
0 —1{0 1]/0 0|=10|=10
100 —1]0 1]0 O[T 0
0 110 o|-10|-10]0 —1
0 0|1 0|]-10]0 —1]0 1
100 =10 1]0 0|=10

is a2 x 2 block circulant matrix. Generally, the skew adjacency matrix of the crossing
orientation Q) ; is a block circulant matrix

Ag Aq A A%

Az Ao Ag Ak

— 2 2
A(Qr1) = A% A% Ag A% ,

Al A2 A3 AO

where

0 1 0 0 1 0
AOZ(—] 0)’ A‘Z(—l 0)’ AéZ_Ak;’:(o —1)’

Ara = (8 (1)) and A; = (8 8) 0 #0,1,1/2,(k=1)/2, (k—2)/2.

2
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Since A(_Q) k.1) 1s a block circulant matrix and by formula (1), we have the deter-
minant of A(_Q)k,;),

N‘
™~

— k=2
det(A(Q ) = (Ao+th1 + A4+ o, Akzz)

.
T

4

k=t k=2
= det(Ao—i-a)tAl—i-a)lAz—i-a)zAkz—i-a)z AZ)

2

Tl )= (2 9) 0 9)
(9 0)]

~\

T
|
NO

I
—]

2
— [ a)é (a), 1} +(1+w,)(1+wtl)}

4 — a) —w; —l—a),—{—a)t_l)

t=0
%
41t
=H 4+2005——2 —n)
k
t=0
k=2
ke 4t Al
=22 2 4+ cos — — cos .
bl k k

N

Since Q is a crossing orientation of Qy ; and [ is even, the orientation is a Pfaffi-
an orientation by Theorem 3.2. Consequently, by Theorem 2.2, the number of Kekulé
structures of Qy s is

~

-2

INE
N‘

= 1
Q(Qk,1) = [det(A( Q]2 =2

2+ cos M At \ 2 o
COS — — COS .
k k

~
(=}

4.2 liseven and k = 0 (mod 4)

For a vertex i of Qi , we orient the edges {i,i — 1}, {i,i + 1}, {i,i — [} and {i, i 4+ [}
incident to the vertex i as follows:

(a) fori = 1, the orientations of the edges {1, k}, {1,2}, {1,1 —/}and {1,141}
arek > 1, 1 > 2, 1 - (1 —I])and 1 — (1 +1), respectively (see Fig. 5a);
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O
k= k- kA

(@
i+l i+l i+l
i+l+1 i+-1 i+1+1 (mod k) i+l-1 i+I+1 i+l-1
i+1 i-1 i+1 i-1 i+l i-1
i—1+1 (mod k) i—I-1(modk)  i—I+1(mod k) i—1—1(mod k) i—1+1 i—1-1(mod k)
i~ (mod k) i1 (mod k) )
(c) (d) (e)
r+l(modk) i+ (mod k)
i+1+1(nndk) z+l —1 (mod k) i+l+1(mod k) i+—1 (mod k)
i+lz 1 i+l i-1
[~ Qi~I1-1(mod k - i—1—-1(mod k)
i-1+10 - /(modA) i—I-1(mod k) i—1+1 T
(8) (h)

Fig. 5 The orientations of the edges incident to the vertex i, where / is even and k = 0 (mod 4)

(b) fori = k, the orientations of the edges {k, k — 1}, {k, 1}, {k, k—1[} and {k, k+/}
are (k — 1) —> k, k > I, k - (k—1) and k — (k + ), respectively (see
Fig. 5b);

(c) if2 <i <[ andi is odd, then the orientations of the edges {i,i — 1}, {i,i +
1}, {i,i —1}and {i,i +1l}arei — (i —1), i > (@+1), i - (i —1) and
i — (i +1), respectively (see Fig. 5¢);

(d) if2 <i <[ andi is even, then the orientations of the edges {i,i — 1}, {i,i +
1}, {i,i —Il}and {i,i +1l}are G — 1) - i, (i+1) — i, (i —1) - i and
(i +1) — i, respectively (see Fig. 5d);

(e) if I+ 1 <i < k—1—1and i is odd, then the orientations of the edges
{i,i—1}, {i,i+1}, {i,i—l}and {i,i+Il}arei — (i—1),i — (i+1), (=) — i
and i — (i + /), respectively (see Fig. 5e);

) ifl+1 <i < k—1-—1andi is even, then the orientations of the edges
{i,i—1}, {i,i+1}, {i,i—l}and {i,i+Il}are i —1) — i, (i+1) > i, i —> (i—1])
and (i + 1) — i, respectively (see Fig. 5f);

(g) ifk—I <i <k—1andi is odd, then the orientations of the edges {i,i — 1},
{i,i+1}, {i,i—lyand {i,i +1}arei — (i—1), i — (i+1), (i—1) — iand
(i +1) — i, respectively (see Fig. 5g);

(h)y ifk—1 <i <k —1andi is even, then the orientations of the edges {i,i —
1}, {i,i+1}, {i,i—{}and {i,i+Il}are((—1) > i, (i+1)—>i, i— (G-I
and i — (i 4 1), respectively (see Fig. 5h).

The orientation above is equivalent to the crossing orientation shown in Fig. 6.
Suppose that the skew adjacency matrix of the crossing orientation Q; of QO is
denoted by B( Q). Then B( Q) is a skew 2 x 2 block circulant matrix.
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0 (mod k)

Fig. 6 A crossing orientation of Qy ;, where [ is even and k

For example, the skew adjacency matrix of the crossing orientation Q 16,6 of Q16.6,

’

o o o
[oloole Jioole T|ecloo|~o
— —
coloo|l—=cloc|l—cloc|e Tle T
— —
colo Tloole Tloecleoc|—el—e
— —
col—~ocloo|l~olocle Tle Jlee
o o
o Tleole Tleolee|~eo|~cloo
— —
—oloo|l~oloclo Tlo Tleclee
colo Tlooloo|l—ol—cloc|c —~
— — —
col—~cloole Jle Tleelee|T
o Tlooloo|l—ol—clocleo~|lco
— — —
—olocle Tle Jleclee|] oo
SColco|l—o|l—olco|lo =l oo —
— — — —
colo Tle Tleolee|Teolee|T
cCol—mo|l—oclcolc ~lcoolo =l o
— — — —
oTlo Tloecoleo|Teoloe|T oo
—Oo|l—oclooclo—~lcolo —~lcolo o
o o o
o Ticcleo|] ool olecle —
Il
—
o
°
S
A
Q
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—
is a skew 2 x 2 block circulant matrix. Generally, the skew adjacency matrix B( Q ;)

of Oy is a skew block circulant matrix

By By B, --- Bia

2

Bu BO Bl o Bﬂ

— 2 2
B(Qk,l)= 3%4 —B¥ BO BLEﬁ ’

_B] —Bz —B3 BO

where

0 1 0 0 10
Bo:(—1 o)’ Bl:(—1 o)’ Bé:Bk;’:(o —1)’

0 —1 00\ .
Bkz=(0 0) and B,-:(O 0),J £0,1,1/2, (k—1)/2, (k —2)/2.

2

Since B(_Q>k,1) is a skew circulant matrix and by formula (1), we have the determi-
—
nant of B(Qx.1),

k=
N T 5 k=2
det( B (Qk.1)) = I | (B()—i-a),Bl + w; By +oto? Bkz)

2

Z k2
= Hdet (Bo—i-w,B] +a), Bz +a), Bk I+ o’ Bkz—z)

|
—
—~
A~
[
NS'\
|
£
+N
S
+
£
~
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=~

—2

N‘

22t +1 212t + 1
|:4+2cos% _ZCOS%}

t=0
k—

[S]

I
(V]
(STt

—

22t + D 212t + D
2 4+ cos T — CosS X .

Il
o

t

By Theorem 3.2, the crossing orientation Q; of Qy; is a Pfaffian orientation
when [ is even. Hence, by Theorem 2.2, the number of Kekulé structures of Qy ; is

~

—2

Il

1=

FNES

- 1
D(Qk,1) = [det(B(Qr1)]2 =2

202t + 22t + 2
2 -+ cos T — COS T

(=}

(3)
Combining formulas (2) and (3), we have the following main result.

Theorem 4.1 Ifl is even, then the number of Kekulé structures of Q| can be expressed
by

‘ =

&
21

\IIN

1

1
0(2+cos4t—”—cos4l]£”)2, if k=2 (mod4);
2 L
[2+COSW—COSW]Z, if k=0 (mod4).

(0 = L1
H

-N?v
il N‘

5 Concluding remarks

Thomassen characterized that there are exactly two types of embedded modes on a
torus of polyominos which are Q,, » » and Qi ;. Lu et al. investigated the type Q. r
and gave two explicit expressions for the number of Kekulé structures when 7 is even
or both m and r are even. Two explicit expressions for the number of Kekulé struc-
tures of Qr ; when both k and [ are even are deduced in the present paper. A question
remains here: whether there also exists an explicit expression for the number of Kekulé
structures of Qy; when [ is odd?
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